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Pei-Hong Gu∗
Max-Planck-Institut fu¨r Kernphysik, Saupfercheckweg 1, 69117 Heidelberg, Germany
We find an intriguing relation between neutrino and charged fermion masses, |m2ν
3
− m2ν
1
| :
(m2ν
2
−m2ν
1
) :: V 4tbm
2
τm
2
b/m
2
t : V
4
csm
2
µm
2
s/m
2
c . We further indicate this relation can be predicted by
a left-right symmetric model.
PACS numbers: 14.60.Pq, 12.60.Cn, 12.60.Fr
The neutrino oscillation data have determined the val-
ues of the two neutrino mass squared difference [1],
∆m221 = m
2
ν
2
−m2ν
1
= 7.65+0.23−0.20 × 10
−5 eV2 ,
|∆m231| = |m
2
ν
3
−m2ν
1
| = 2.40+0.12−0.11 × 10
−3 eV2 . (1)
We notice the ratio of the above neutrino mass squared
difference can be well described by the quark and charged
lepton masses,
|∆m231| : ∆m
2
21 ::
m2b
m2t
m2τV
4
tb :
m2s
m2c
m2µV
4
cs , (2)
with the charged fermion masses [2],
mu = 1.27
+0.50
−0.42MeV , md = 2.90
+1.24
−1.19MeV ,
mc = 0.619± 0.084GeV , ms = 55
+16
−15MeV ,
mt = 171.7± 3.0GeV , mb = 2.89± 0.09GeV ,
me = 0.486570161± 0.000000042MeV ,
mµ = 102.7181359± 0.0000092MeV ,
mτ = 1776.24
+0.20
−0.19MeV , (3)
and the Cabibbo-Kobayashi-Maskawa (CKM) [3] matrix
[4],
VCKM =

Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb
 =

0.97419± 0.00022 0.2257± 0.0010 0.00359± 0.00016
0.2256± 0.0010 0.97334± 0.00023 0.0415+0.0010−0.0011
0.00874+0.00026−0.00037 0.0407± 0, 0010 0.999133
+0.000044
−0.000043
 .
(4)
Here the charged fermion masses and the CKM matrix
are all given at µ = mZ .
A possible solution to the intriguing relation (2) is to
consider the normal hierarchy neutrino masses,
(mν
1
, mν
2
, mν
3
) = ǫ
(
md
mu
meV
2
ud ,
ms
mc
mµV
2
cs ,
mb
mt
mτV
2
tb
)
,(5)
where the parameter ǫ is defined by
ǫ =
√
|∆m231|
V 4tbm
2
τm
2
b/m
2
t − V
4
udm
2
em
2
d/m
2
u
=
√
∆m221
V 4csm
2
µm
2
s/m
2
c − V
4
udm
2
em
2
d/m
2
u
. (6)
We take
mu = 1.27MeV , mc = 0.703GeV , mt = 168.7GeV
md = 2.90MeV , ms = 40MeV , mb = 2.98GeV ,
me = 0.486570161MeV , Vud = 0.97419 ,
mµ = 102.7181359MeV , Vcs = 0.97334 ,
mτ = 1776.24MeV , Vtb = 0.999133 ,
∆m221 = 7.60× 10
−5 eV2 ,
∆m231 = 2.40× 10
−3 eV2 , (7)
to derive
ǫ = 1.60× 10−9 , (8)
and then the normal hierarchy neutrino masses,
mν
1
= 1.69× 10−3 eV , mν
2
= 8.88× 10−3 eV ,
mν
3
= 4.90× 10−2 eV ,
3∑
i=1
mν
i
= 0.0596 eV , (9)
which are consistent with the cosmological limit [5].
We further find the appearance of the relation (2)
is not accidental in a SU(3)c × SU(2)L × SU(2)R ×
U(1)B−L left-right symmetric model [6]. In our model,
the scalar sector contains a real singlet σ(1,1,1, 0)
and a leptoquark singlet δ(3,1,1,− 2
3
) as well as
a left-handed doublet φL(1,2,1,−1) and its right-
handed partner φR(1,1,2,−1). In the fermion sec-
tor, besides the usual quark and lepton doublets,
i.e. qL(3,2,1,
1
3
), qR(3,1,2,
1
3
), lL(1,2,1,−1) and
lR(1,1,2,−1), we introduce four types of singlets:
DL,R(3,1,1,−
2
3
), UL,R(3,1,1,
4
3
), EL,R(1,1,1,−2) and
NR(1,1,1, 0). Here all fermions have three generations
and their family indices have been suppressed. The left-
right symmetry is assumed to be the charge-conjugation,
under which the fields transform as
σ ↔ −σ , φL ↔ φ
∗
R , δ ↔ δ
∗ , qL ↔ q
c
R , DL ↔ D
c
R ,
UL ↔ U
c
R , lL ↔ l
c
R , EL ↔ E
c
R , NR ↔ NR . (10)
2Here the charge-conjugation of the fermions is defined by
qL = PLq ↔ q
c
R = (qR)
c = (PRq)
c = PLq
c, etc. We also
impose a U(1)3 = U(1)1 × U(1)2 × U(1)3 global symme-
try, under which (qL, q
c
R, D
c
L, DR, U
c
L, UR), (lL, l
c
R, NR),
(EL, E
c
R) and δ, respectively, carry the quantum num-
bers (1, 0, 1), (0, 1,−1), (2, 1, 1) and (1, 1, 0), while σ and
φL,R are trivial. Clearly, this global symmetry is consis-
tent with the left-right symmetry (10).
The full scalar potential is easy to read,
V =
1
2
µ2σσ
2 + µ2φ(|φL|
2 + |φR|
2) + µσ(|φL|
2 − |φR|
2)
+µ2δ|δ|
2 +
1
4
λσσ
4 + λφ(|φL|
4 + |φR|
4)
+λ′φ|φL|
2|φR|
2 + λδ|δ|
4 + λσφσ
2(|φL|
2 + |φR|
2)
+λσδσ
2|δ|2 + λφδ(|φL|
2 + |φR|
2)|δ|2 . (11)
Here the parity-odd singlet σ is essential to realize the
spontaneous D-parity violation [7], which can guarantee
the breakdown of SU(2)R × U(1)B−L to U(1)Y . As for
the Yukawa interactions, only the following terms are al-
lowed,
LY = −yD(q¯Lφ˜LDR + q¯
c
Rφ˜
∗
RD
c
L)− yU (q¯LφLUR + q¯
c
Rφ
∗
RU
c
L)
−yN (l¯LφLNR + l¯
c
Rφ
∗
RNR)− h(δl¯Liτ2q
c
L + δ
∗ l¯cRiτ2qR)
−f(δULE
c
L + δ
∗U
c
RER) + H.c. . (12)
We further introduce the mass terms of the fermion sin-
glets by softly breaking the U(1)3 global symmetry,
Lsoft = −mDDLDR −mUULUR −mEELER
−
1
2
mNN
c
RNR +H.c. , (13)
where the mass matrices mD, mU , mE and mN are all
symmetric, i.e.,
mD = m
T
D , mU = m
T
U , mE = m
T
E , mN = m
T
N .(14)
Without loss of generality and for convenience we will
choose the base with the diagonal and real mD, mU , mE
and mN .
We now demonstrate that the quarks, the charged lep-
tons, and the neutrinos will obtain their Dirac masses,
L ⊃ −m˜dd¯LdR − m˜uu¯LuR − m˜ee¯LeR − m˜ν ν¯LνR +H.c. ,(15)
after the symmetry breaking of SU(2)L × SU(2)R ×
U(1)B−L
〈φ
R
〉
−→ SU(2)L × U(1)Y
〈φ
L
〉
−→ U(1)em. It is easy
to check that the f -terms in the Yukawa couplings (12)
will contribute to the fermion masses only through their
radiative corrections to the masses of the leptoquark sin-
glet δ and the fermion singlets UL,R. Therefore, we will
not mention the f -terms in the following calculations and
discussions.
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FIG. 1: Diagrams for generating the Dirac masses of the
down-type quarks (top left), the up-type quarks (top right),
the charged leptons (bottom left) and the neutrinos (bottom
right).
As shown in the tree-level diagrams of Fig. 1, the
quark masses are induced by integrating out the colored
fermion singlets [8],
m˜d = −yD
vLvR
mD
yTD = m˜
T
d , m˜u = −yU
vLvR
mU
yTU = m˜
T
u ,(16)
with
vR = 〈φR〉 and vL = 〈φL〉 ≃ 174GeV . (17)
Note that the top quark mass is very close to vL. We
thus need mU ∼ vR ≫ vL to fulfill the perturbative and
seesaw [9] conditions. The choice is similar for mD. The
charged leptons and neutral neutrinos can not acquire the
Dirac masses at tree level. Instead, their Dirac masses
are generated at one-loop order, as shown in the box
diagrams of Fig. 1. We calculate the loop-induced masses
to be
m˜e =
ce
16π2
hy∗U
vLvR
mU
y†Uh
T = −
ce
16π2
hm˜†uh
T = m˜Te ,(18)
m˜ν =
cν
16π2
hy∗D
vLvR
mD
y†Dh
T = −
cν
16π2
hm˜†dh
T = m˜Tν .(19)
Here the coefficients
ce = ln
m2U
i
+m2δ
m2δ
+
m2U
i
m2δ
ln
m2U
i
+m2δ
m2U
i
≃ 1 + ln
m2U
i
m2δ
= O(1 − 10) for m2δ ≪ m
2
U
i
, (20)
cν = ln
m2D
i
+m2δ
m2δ
+
m2D
i
m2δ
ln
m2D
i
+m2δ
m2D
i
≃ 1 + ln
m2D
i
m2δ
= O(1 − 10) for m2δ ≪ m
2
D
i
,(21)
can be treated as constants since they are not very sen-
sitive to the running of m2U
i
/m2δ or m
2
D
i
/m2δ. The Dirac
3masses between the left- and right-handed neutrinos can
be determined by the charged fermion masses, i.e.
m˜ν =
cν
ce
Ue
√
mˆe
1√
mˆu
V ∗CKMmˆdV
†
CKM
1√
mˆu
√
mˆeU
T
e . (22)
Here VCKM = VuV
†
d is the CKM matrix while mˆd, mˆu
and mˆe are the diagonal mass matrices of the charged
fermions,
mˆd = Vdm˜dV
T
d = diag{md,ms,mb} ,
mˆu = Vum˜uV
T
u = diag{mu,mc,mt} ,
mˆe = U
†
e m˜eU
∗
e = diag{me,mµ,mτ} . (23)
Note that we require the Yukawa couplings h . 1 for
a perturbative theory. With this constraint, the loop-
induced charged lepton masses can still arrive at the de-
sired values. Actually, the loop factor is expected to give
the mass ratio between the tau lepton and the top quark.
The completed neutrino mass terms are given by
L ⊃ −m˜ν ν¯LνR − yNvLν¯LNR − yNvRν¯
c
RNR
−
1
2
mNN
c
RNR +H.c.
= −
1
2
(ν¯L, ν¯
c
R, N
c
R)

0 m˜ν yNvL
m˜ν 0 yNvR
yTNvL y
T
NvR mN


νcL
νR
NR

+H.c. . (24)
For m˜ν and yNvL much smaller than yNvR and/or mN ,
we can make use of the seesaw [9] formula,
L ⊃ −
1
2
mν ν¯Lν
c
L +H.c. , (25)
where the mass matrix mν contains two parts,
mν = m˜ν
1
yTN
mN
1
yN
m˜ν
1
v2R
− 2m˜ν
vL
vR
. (26)
The first term is the double [10] or inverse [11] seesaw
whereas the second one is the linear [12] seesaw. We
further assume
1
yTN
mN
1
yN
1
v2R
= 2
vL
vR
(
1
m˜ν
+
1
m˜ν
U1m˜νU
T
1
1
m˜ν
)
, (27)
to parametrize the neutrino mass matrix (26),
mν = 2
vL
vR
U1m˜νU
T
1 . (28)
Consequently, we can perform
mν = 2
vL
vR
cν
ce
(U1Ue)
√
mˆe
1√
mˆu
V ∗CKMmˆdV
†
CKM
×
1√
mˆu
√
mˆe(U
T
e U
T
1 ) . (29)
With the charged fermion masses (3) and the CKM ma-
trix (4), it is easy to find
√
mˆe
1√
mˆu
V ∗CKMmˆdV
†
CKM
1√
mˆu
√
mˆe
≃

me
mu
[md(V
∗
ud)
2 +ms(V
∗
us)
2 +mb(V
∗
ub)
2]
√
memµ
mumc
msV
∗
usV
∗
cs
√
memτ
mumt
mbV
∗
ubV
∗
tb
√
memµ
mumc
msV
∗
usV
∗
cs
√
memτ
mumt
mbV
∗
ubV
∗
tb
mµ
mc
[ms(V
∗
cs)
2 +mb(V
∗
cb)
2]
√
mµmτ
mcmt
mbV
∗
cbV
∗
tb
√
mµmτ
mcmt
mbV
∗
cbV
∗
tb
mb
mt
mτ (V
∗
tb)
2

≃ U2diag
{
md
mu
me(V
∗
ud)
2 ,
ms
mc
mµ(V
∗
cs)
2 ,
mb
mt
mτ (V
∗
tb)
2
}
UT2 , (30)
so that
mν = 2
vL
vR
cν
ce
(U1UeU2)diag
{
md
mu
me(V
∗
ud)
2 ,
ms
mc
mµ(V
∗
cs)
2 ,
mb
mt
mτ (V
∗
tb)
2
}
(U1UeU2)
T .(31)
The Pontecorvo-Maki-Nakagawa-Sakata (PMNS) [13]
leptonic mixing matrix is then given by
UPMNS = U
†
eUν = U
†
eU1UeU2 . (32)
4For the given UPMNS and U2, we can choose an arbitrary
unitary Ue to determine the Yukawa couplings yN and
the Majorana masses mN by inserting the unitary U1 =
UeUPMNSU
†
2Ue and the known m˜ν [cf. (22)] to Eq. (27).
The seesaw and perturbative conditions can be satisfied
in a wide parameter space of yN and mN . Clearly, the
neutrino mass matrix (31) can perfectly produce the mass
spectrum (5) for generating the relation (2). Compared
with Eqs. (5) and (8), we can find
ǫ = 2
vL
vR
cν
ce
= 1.60× 10−9 , (33)
to determine the left-right symmetry breaking scale,
vR = 2
vL
ǫ
cν
ce
= 2.18× 1011GeV for
cν
ce
= 1 . (34)
In summary we found the intriguing relation between
the neutrino and charged fermion masses, |m2ν
3
−m2ν
1
| :
(m2ν
2
− m2ν
1
) :: V 4tbm
2
τm
2
b/m
2
t : V
4
csm
2
µm
2
s/m
2
c. We then
proposed a left-right symmetric model to naturally ex-
plain this phenomenon. In our model, the normal hierar-
chy neutrino masses are fully determined by the charged
fermion masses for a given left-right symmetry breaking
scale. In turn, the left-right symmetry breaking scale
is fixed by the observed neutrino masses. The predicted
neutrino spectrum is possible to test in the future. More-
over, the leptoquark singlet scalar in our model is flexi-
ble to be at an accessible scale so that it can have some
interesting implications on the present and future exper-
iments.
Acknowledgement: I thank Manfred Lindner for
hospitality at Max-Planck-Institut fu¨r Kernphysik. This
work is supported by the Alexander von Humboldt Foun-
dation.
∗ Electronic address: peihong.gu@mpi-hd.mpg.de
[1] T. Schwetz, M.A. To´rtola, and J.W.F. Valle, New J.
Phys. 10, 113011 (2008).
[2] Z.Z. Xing, H. Zhang, and S. Zhou, Phys. Rev. D 77,
113016 (2008); H. Fusaoka and Y. Koide, Phys. Rev. D
57, 3986 (1998).
[3] N. Cabibbo, Phys. Rev. Lett. 10, 531 (1963); M.
Kobayashi and T. Maskawa, Prog. Theor. Phys. 49, 652
(1973).
[4] Particle Data Group, C. Amesler et al., Physics Lett. B
667, 1 (2008).
[5] J. Dunkley et al., [WMAP Collaboration], Astrophys. J.
Suppl. 180, 306 (2009).
[6] J.C. Pati and A. Salam, Phys. Rev. D 10, 275 (1974);
R.N. Mohapatra and J.C. Pati, Phys. Rev. D 11, 566
(1975); R.N. Mohapatra and J.C. Pati, Phys. Rev. D 11,
2558 (1975); R.N. Mohapatra and G. Senjanovic´, Phys.
Rev. D 12, 1502 (1975).
[7] D. Chang, R.N. Mohapatra, and M.K. Parida, Phys. Rev.
Lett. 52, 1072 (1984).
[8] Z.G. Berezhiani, Phys. Lett. B 129, 99 (1983); D. Chang
and R.N. Mohapatra, Phys. Rev. Lett. 58, 1600 (1987);
S. Rajpoot, Phys. Lett. B 191, 122 (1987); A. Davidson
and K.C. Wali, Phys. Rev. Lett. 59, 393 (1987).
[9] P. Minkowski, Phys. Lett. 67B, 421 (1977); T. Yanagida,
in Proc. of the Workshop on Unified Theory and the
Baryon Number of the Universe, ed. O. Sawada and A.
Sugamoto (KEK, Tsukuba, 1979), p. 95; M. Gell-Mann,
P. Ramond, and R. Slansky, in Supergravity, ed. F. van
Nieuwenhuizen and D. Freedman (North Holland, Am-
sterdam, 1979), p. 315; S.L. Glashow, in Quarks and
Leptons, ed. M. Le´vy et al. (Plenum, New York, 1980),
p. 707; R.N. Mohapatra and G. Senjanovic´, Phys. Rev.
Lett. 44, 912 (1980).
[10] R.N. Mohapatra, Phys. Rev. Lett. 56, 561 (1986).
[11] R.N. Mohapatra and J.W.F. Valle, Phys. Rev. D 34, 1642
(1986); M.C. Gonzalez-Garcia and J.W.F. Valle, Phys.
Lett. B 216, 360 (1989).
[12] S.M. Barr, Phys. Rev. Lett. 92, 101601 (2004).
[13] Z. Maki, M. Nakagawa, and S. Sakata, Prog. Theor. Phys.
28, 870 (1962); B. Pontecorvo, Zh. Eksp. Teor. Fiz. 53,
1717 (1967) [Sov. Phys. JETP 26, 984 (1968)].
